ON GROUPS WITH QUASIDIAGONAL C*- ALGEBRAS 



JOSE R. CARRION, MARIUS DADARLAT, AND CALEB ECKHARDT 

Abstract. We examine the question of quasidiagonality for C*-algebras of dis- 
crete amenable groups from a variety of angles. We give a quantitative version of 
Rosenberg's theorem via paradoxical decompositions and a characterization of qua- 
sidiagonality for group C*-algebras in terms of embeddability of the groups. We con- 
sider several notable examples of groups, such as topological full groups associated 
with Cantor minimal systems and Abels' celebrated example of a finitely presented 
solvable group that is not residually finite, and show that they have quasidiago- 
nal C*-algebras. Finally, we study strong quasidiagonality for group C*-algebras, 
exhibiting classes of amenable groups with and without strongly quasidiagonal C*- 
algebras. 



1. Introduction 

In [21] Lance provided a C*-algebraic characterization of amenability for discrete 
groups by proving that a discrete group T is amenable if and only if its reduced C*- 
algebra, C*(T) is nuclear. Later Rosenberg showed [19] that if C*(T) is quasidiagonal 
(see Definition II .4p . then T is amenable, a result which has absolutely no analog for 
general C*-algebras (see [12] )• The converse to Rosenberg's theorem remains open, 
namely: if T is a discrete, amenable group, is C*(T) quasidiagonal [33] ? 

The question of quasidiagonality for amenable groups is tantalizing for a number 
of reasons. First, quasidiagonality displays certain "topological" properties, such as 
homotopy invariance [22]. On the other hand, one might describe amenability as a 
"measure theoretic" property, as one can detect amenability of T in the von Neumann 
algebras it generates. Hence an affirmative answer would provide a nice topological 
characterization of amenability to complement its measure theoretic description. Sec- 
ond, this question is a critical test case for a number of other open questions. Indeed, 
it is not known if every separable, nuclear and stably finite C*-algebra is quasidiago- 
nal (a question with important implications for the classification program) and, much 
more generally, if every stably finite C*-algebra is an MF algebra. Thus an answer to 
the above question concerning groups will either provide a chain of counterexamples 
or some evidence to the validity of the more general conjectures. 

There are some known converses to Rosenberg's theorem. Recall that a group T 
is maximally almost periodic (MAP) if it embeds into a compact group. Because the 
C*-algebra of an amenable MAP group is residually finite dimensional, it follows that 
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the C*-algebra of an amenable group that is the union of residually finite groups must 
be quasidiagonal. We generalize this result in Section 12.61 

Our main results are the following. First, if T is not amenable, then the modulus 
of quasidiagonality of C*(T) is controlled by the number of pieces in a paradoxical 
decomposition of T (Theorem 12. 4p . Second, if T is amenable, then C*(T) is quasidi- 
agonal if and only if T embeds in the unitary group of YY^=i M n (C) / Y^Li M n (C) 
(Theorem 12.81) . We expand this class of groups beyond the class of LEF groups of [3T] . 
Third, if T and A are amenable groups such that F is non-torsion and A has a finite 
dimensional representation other than the trivial one, then C*(A I T) has a non- finite 
quotient and therefore cannot be strongly quasidiagonal (Theorem 13.41) . 

1.1. Organization of the paper. In Section [2TT1 we revisit Rosenberg's previously 
mentioned result. His result implies that the modulus of quasidiagonality [29] does 
not vanish for some finite subset of a non-amenable group. The modulus of quasidiag- 
onality measures how badly a C*-algebra violates quasidiagonality. We estimate this 
number and a closely related one using paradoxical decompositions, and give some 
calculations for free groups. 

In Section [2To1 we consider an approximate version of MAP for groups that charac- 
terizes quasidiagonality for discrete amenable groups. We call groups with this prop- 
erty MF due to their connection with Blackadar and Kirchberg's MF algebras [5 J . We 
then show that the groups that are locally embeddable into finite groups in the sense 
of Vershik and Gordon [3TJ (so-called LEF groups) are MF groups. Kerr had already 
proved that the C*-algebra of an amenable LEF group is quasidiagonal [22]. 




In Section I2.14[ we use our characterization of quasidiagonality for amenable groups 
to give examples of solvable groups that are not LEF but have quasidiagonal C*- 
algebras. These groups are well known examples due to Abels of finitely presented 
solvable groups that are not residually finite. 

Finally, in section [3] we discuss groups and strong quasidiagonality (see Defini- 
tion [Ll]). Theorem 13.41 provides examples of group C*-algebras that are not strongly 
quasidiagonal, such as the C*-algebra of the lamplighter group. Section [3751 exhibits 
some classes of nilpotent groups that have strongly quasidiagonal C*-algebras. 

1.2. Some consequences. Let X be the Cantor set and T a minimal homeomor- 
phism of X. The topological full group [[T]] is the group of all homeomorphisms of 
X that are locally equal to an integer power of T. These groups are of interest for 
several reasons. For example, they are complete invariants for flip conjugacy |T7] and 
studying their properties as abstract groups led to the first examples of infinite, sim- 
ple, amenable groups that are finitely generated [TSJIZIJEI] • It follows from the results 
of Section 1231 the C*-algebra of [[T]] must be quasidiagonal, since [[T]] is LEF by [18] 
and amenable by [2TJ. Since the previously mentioned examples of infinite, simple, 
amenable and finitely generated groups arise as commutator subgroups of topologi- 
cal full groups associated to certain Cantor minimal systems, their C*-algebras are 
quasidiagonal as well. 

On the other hand, an example of Abels provides an amenable group that is not 
LEF. We observe that if a group is not LEF, then it cannot be a union of residually 
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finite groups and one cannot obtain quasidiagonality based on the result on MAP 
groups mentioned above. However, we will see in Section 12.141 that the C*-algebra of 
Abels' example has a quasidiagonal C*-algebra. 

1.3. Definitions and notation. For completeness we record the definition of qua- 
sidiagonality. We refer the reader to the survey article [8] for more information on 
quasidiagonality. 

Definition 1.4. Let if be a separable Hilbert space. A (separable) set Q C B(H) 
is quasidiagonal if there is an increasing sequence of (self-adjoint) projections (P n ) C 
/C(P) with P n l H strongly and such that ||[P„,T]|| ->■ for every T 6 fl. (We 
write [S,T] for the commutator ST — TS.) 

A separable C*-algebra A is quasidiagonal if it has a faithful representation as 
a set of quasidiagonal operators. We say A is strongly quasidiagonal if cr(A) is a 
quasidiagonal set of operators for every representation a of A. 

Theorem 1.5 (Voiculescu |32j). A separable C* -algebra is quasidiagonal if and only 
if there exists a sequence of contractive completely positive maps <f> n : A — > Mk n (C) 
such that \\4> n (a)\\ — > \\a\\ and \\<j)(ab) — (f)(a)(f)(b)\\ — > for every a,b G A. 

In this paper we only consider discrete countable groups. The left regular repre- 
sentation of a group T on B(£ 2 T) maps s G T to the operator A s G B(£ 2 T) which is 
left-translation by s. For t G T we write St G £ 2 T for the characteristic function of the 
set {t}, so that \ s S t = S st . The reduced C*-algebra of T is the sub-C*-algebra C*(T) 
of B(£ 2 T) generated by A(r). We will usually use e for the neutral element of a group 
T and Z(T) for its center. We also write Z(A) for the center of a C*-algebra A. 

2. Quasidiagonality and groups 

2.1. A quantitative version of Rosenberg's theorem. In [19| Rosenberg proved 
that if a group T is not amenable, then C*(T) is not quasidiagonal. First we reformu- 
late his result. 

Definition 2.2. Let V be the set of non-zero finite-rank projections on £ 2 T. Given a 
finite subset F C T, set 



C F := inf sup ||[Aa.,P]||. 

It is clear that if C*(T) is quasidiagonal, then Cp = for every finite subset of T. 
Furthermore, if V is amenable, then A has an approximately fixed vector, so CV = 
for all finite subsets as well. Rosenberg [19] has proved that if T is not amenable, 
then there is a finite subset F C T such that CV > 0. In this section we give a 
quantitative version of this statement by estimating (and in some cases calculating) 
Cp using paradoxical decompositions of T. 

We point out a very similar concept due to Pimsner, Popa and Voiculescu 
Recall that the modulus of quasidiagonality of a set Q C B(£ 2 T) is 

qd(fi) := liminf sup || [T, P] ||, 

Pev Ten 
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where the order on projections is given by P < Q if PQ = P. Clearly Cp < qd(A(F)). 

Recall that a group T is not amenable if and only if it admits a paradoxical decom- 
position: that is, there exist pairwise disjoint subsets Xi, . . . , X n , Y\, . . . , Y m C T and 
gi, . . . , g n , hi, ... , h m G T with g\ — h\ — e such that 

n m s n \ , m \ 

(1) r = \JgiX, = []h J Y j = I [JxA u ( |J yA 

In this case we say that the paradoxical decomposition has n + m pieces. A non- 
amenable group always has a paradoxical decomposition with at least four pieces. It 
is well known that a group contains a copy of the free group on two generators if and 
only if one can find a paradoxical decomposition with exactly 4 pieces. (We refer the 
reader to [31] for more information on paradoxical decompositions.) 
We will require an elementary lemma. 

Lemma 2.3. Let H be a Hilbert space and let Tr denote the usual trace on B(H). 
Let X = X* e B(H) be finite rank with Tr(X) = 0. Then for any Q e B(H) with 
< Q < 1 we have 

|Tr(QX)| < ^rank(X)||X||. 

Proof. If Y is a finite rank operator, then Tr(Y) < rank(y)||y||. Indeed, if E is a 
projection onto the range of Y, then Ty(Y) = Tt(EY) < Tr(E)\\Y\\ = rank(y)||y||. 

Write X = X+-X_ with X± > and = 0. Then Tr(X±) < rank(X±) \\X± || < 

rank(X_|-)||X||. Since rank(X) = rank(X + ) +rank(X„) and Tr(X + ) = Tr(X_) we ob- 
tain 

Tr(X ± )<irank(X)||X||. 

Now, since 

Tr(QX) = Tr(Q 1/2 X + Q 1/2 ) - Tr(Q 1/2 X_Q 1/2 ) 
and Tr(Q 1 /2x ± Q 1 /2) < ||g|| Tr(X ± ) < Tr(X ± ), it follows that 



-irank(X)||X|| < -Tr(X_) < Tr(QX) < Tr(X + ) < -rank(X)||X| 
2 2 



□ 



Theorem 2.4. Suppose T is a non-amenable group with a paradoxical decomposition 
as in If F = {g u . . . , g n ,h x , . . . ,h m }, then 

CV > 1 



n + m — 2 

In particular, ifT contains ¥2, then Cp > 1/2 by choosing a minimal decomposition 
with four pieces. 

Since qd(A(F)) > Cp we have the same statement for the modulus of quasidiago- 
nality of X(F) instead of Cp. 
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Proof. For each subset ACT, let P4 be the projection onto span{o~ a : a G A}. 
Let Tr denote the usual semi- finite trace on B(i 2 T) and let P G B(PT) be a finite- 
rank projection of rank k > 1. Suppose that ||[A Z ,P]|| < e for all x G F. We prove 

Let 1 < i < n. By Lemma 12.31 

(2) \Tr{P 9iXi {P-\ 9i P\ gT ,))\<ke. 
Because A^P^A -i = P^x,, we have 

Tr(P^P) = Tr(P Xi P) + Tr (P giXi (P - A^PA^)). 
From this and the estimate ([2]) it follows that for each 2 < i < n 

(3) Tr(P^P) < Tr(P Xi P) + ke. 

Let X = UXi and K = UYj. By ([3]) and the fact that gi = e we obtain 



n 



(4) k = Tr(P) = Tr(P Xl P) + > Tr(P 9iXi P) 



i=2 



< Tr(P Xl P) + ^ Tr(P Xi P) + (n - l)fce 



1=2 



= Tr(P x P) + (n - l)fce. 
From a similar calculation involving the /ij's and YJ's we see that 

(5) jfe < Tr(PyP) + (m - l)Jfee. 

Finally, add up (j4j) and (jSJ) to obtain the conclusion. □ 

Now we calculate CV when T = F 2 . Let us fix some notation first. Let a, b be 
generators of F 2 and for each word w G F 2 let \w\ denote the word length of w with 
respect to the generating set {a, 6, a' 1 , b' 1 }. For each n > let S n denote the sphere 
of radius n, that is, 

S n = {w G F 2 : \w\ = n}. 

Note that So = { e }- F° r eac h x G {a, b, a -1 , o -1 }, let denote those elements of S n 
whose first letter is x. It is easy to see that 

(6) |S n |=4-3 n ~ 1 and \S*\ = 3"- 1 for n > 1. 

It is well known that (see [Ml Theorem 4.2]) there is a paradoxical decomposition of 

F 2 as 

(7) F 2 = X x U aX 2 = Yl U or 2 = X : U X 2 U Fi U F 2 . 

Theorem 2.5. For any £ > and any n > 1 taere zs a projection P G P(£ 2 F 2 ) 0/ 
ranA; n swca taai || [A a , P] || < 1/2 + e and \\ [\t>, P]\\ < 1/2 + e. In particular, 

C{a,b} = 1/2. 
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Proof. By Voiculescu's Weyl-von Neumann type theorem, A: F 2 — > B(£ 2 ¥ 2 ) is ap- 
proximately unitarily equivalent to A £g> 1„ : F2 — > B(£ 2 ¥ 2 <S> C n ). On the other hand 
|| [As ® l n ,P ® l n ] || = || [A*, P] || for P G B(£ 2 ¥ 2 ). It follows that it suffices to prove 
the first part of the statement for n — 1. 

Let P G B(£ 2 ¥ 2 ) be any projection and U G B(£ 2 ¥ 2 ) a unitary. Since in a C*- 
algebra = \\x\\ 2 , using the identity [U, P] = (1 — P)UP — PU(1 — P) we see 

that \\[U,P]\\ = max{||PE/(l-P)||, ||(1 - P)UP\\}. Moreover, if P is rank 1 and f is 
a norm one vector in its range, then 

||(i - p)up\\ 2 = ||(i - p)uph\\ 2 = ||(i - PM\\ 2 
= \\uz\\ 2 -\\pua 2 = i-\(u(0,0\ 2 - 

From the above observations it now suffices to find, for each e > 0, a norm 1 vector 
f G £ 2 F 2 such that 

(8) |( Aa (£),£>|>^- £ for xGKa-Ur 1 }- 



Let n > y/3/2e. Define a; = ( | ^ |rz) _1/2 and 



It is clear that ||£|| = 1. We then have 

7171/ 

i=i j=i ^ xgs, j/eSj 



i=i j=i \ xeCSi-ASf.JuS" yes, 



»=i ^ xe(Si_i\5<L 1 )u5« +1 yeSi_i zeSi+i 
= 2j (aiCKi-il^-! \ + a f ai + i|5'f +1 | ) 

i=l 

> 52 f - (3)(y~ 2 ) + * . $) (by © 



i=2 



73 v/3 

The corresponding inequality for A& follows by symmetry. Since |(A X (£),£)| = ((A^-i (£),£)(, 
this proves (JSJ). We complete the proof by applying Theorem 12.41 to the paradoxical 
decomposition of F 2 given in ((7|). □ 
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2.6. A characterization of quasidiagonality for amenable groups. For each 
increasing sequence n = (n k ) of positive integers, we consider the C*-algebra 



Here the C*-algebra Y\k M Uk (C) consists of all sequences (a^) of matrices a k e M nk (C) 
such that sup fc ||a fc || < oo and J2 k M nk (C) is the two-sided closed ideal consisting of 
those sequences with the property that lim^oo ||a fc || = 0. 

Recall that a separable C*-algebra is MF if it embeds as a sub-C*-algebra of 
for some ft, see j5]. In analogy with the class of MF algebras, we make the following 
definition. 

Definition 2.7. A countable group T is MF if it embeds in the unitary group of 
for some n. 

It is readily seen that V is MF if and only if it embeds in U{Qft) where n = 



Recall that a group V is called maximally almost periodic (abbreviated MAP) if it 
embeds in a compact group. Equivalently, T embeds in 



A discrete residually finite group is MAP. 

Bekka [I] proved that if T is a discrete countable amenable group, then T is maxi- 
mally almost periodic if and only if C*(T) is residually finite dimensional. That is, 



The following theorem says that a discrete countable amenable group T embeds in 
U(Qh) for some sequence n if and only if C*(T) embeds in fc> r some m. 

Theorem 2.8. Let V be a discrete countable amenable group. Then V is MF if and 
only if the C* -algebra C*(T) is quasidiagonal. 

For the proof we will need the following result from [13] . 

Proposition 2.9 (Prop. 2.1 of [14]). Let T be a discrete amenable group. Suppose 
there exist a sequence (B k )'^ =1 of unital C*-algebras and a sequence (uk)^ =1 of group 
homomorphisms Uk'- V — > U(Bk) that separate the points of Y , and that each Uk 
appears infinitely many times in the sequence. Then C*(T) embeds unitally into the 
product C*- algebra Yi™=i C n , where C n = <S>1 =1 M 2 (C) <E> B k <g> B k (minimal tensor 
product). 

Proof of Theorem \2.8\ . By the Choi-Effros lifting theorem [11] and the local char- 
acterization of quasidiagonality given by Voiculescu, Theorem ll.5[ it follows that a 
separable and nuclear C*-algebra A is quasidiagonal if and only if A is an MF algebra. 
Suppose that T is MF. Then there is an injective homomorphism 9 : T — > U {Qh) for 



Qn = \[M nk {£)/Y J M nk {£) 



k k 



1,2,3,...). 
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some n. Let B be the sub-C*-algebra of generated by 0(T). Since T is amenable, 
B is nuclear and hence quasidiagonal. By Proposition 12.91 C*(T) embeds the product 
Tin where C n = M 2 n(C) ®B® 2n . Since B is quasidiagonal, so is each C n . It follows 
that C*(r) is quasidiagonal. 

Conversely, if C*(T) is quasidiagonal, then C*(T) C for some n and hence V is 
MF. " □ 

Definition 2.10. A group V is locally embeddable into the class of finite groups (or 
simply LEF) if for any finite subset F C T there is a finite group H and a map 
(p: r — y H that is both injective and multiplicative when restricted to F. 



Remark 2.11. Vershik and Gordon introduced LEF groups in |31| . Theorems 1 and 2 
of [31] illustrate the relationship between LEF groups and residually finite groups. 
Specifically, if every finitely generated subgroup of a group Y is residually finite, then 
T is LEF. On the other hand, every finitely presented LEF group is residually finite. 
There are finitely presented solvable non-LEF groups, see pQ. 

We will show that an LEF group is MF. The following lemma will be used. 



Lemma 2.12. Let V be a discrete countable group. Then V is LEF if and only if 
there is a sequence of finite groups {Hk)^ = i and an injective homomorphism $: Y — > 



The proof is straightforward. 

Proposition 2.13. Let V be a countable discrete group. IfT is LEF, then V is MF. 

Proof. Let Hk and ifk be as in the proof of Lemma [2. 121 Let : Hk — > B(£ 2 (Hk)) be 
the left regular representation of Hk. If s,t G Fk, s ^ t, then ipk(s) ^ (pk(t) and hence 
\\^k((fk(s)) — > a/2- Let nk = \Hk\ and set n = (n^) as above. Consider 

the maps iik = \k ° fk '■ T — > U {nk). Then the sequence of maps (vr^) induces a group 
homomorphism 7r: Y — > U(Qft) which is injective since ||7r(s) — 7r(t)|| > a/2 whenever 
s,t are distinct elements of T. □ 



2.14. An MF group that is not LEF. Let p be a prime number. We recall the 
following group from PQ: 



One sees that 



(I 


Xl2 


X13 







k 

p 












P U 


X34 













Z{T) 



(1 








x\ 





1 














1 













V 



: x G Z 
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We define 

/l k\ 



N 



10 
10 
\0 I J 

Abels showed in [1] that T/N is a finitely presented group. Moreover, as observed 
by Abels, ideas similar to those in [20j Page 349], show that T/N does not have the 
Hopf property. It is well known that any finitely generated residually finite group has 
the Hopf property (see |26J); hence T/N is not residually finite. In particular T/N is 
not LEF (see Remark 12. lip . As observed in pQ, the group T/N is a solvable — hence 
amenable — group. 

The proof of the following lemma basically consists of writing down the definitions 
of induced representations, which we do for the convenience of the reader. 

Lemma 2.15. Let F be a finite group and H < Z(F). Let 7 : H — > L(E) be a 
finite dimensional unitary representation of H, and Ind^ 7 be the induced unitary 
representation of F . Then 

(i) || Ind£ 7(0) - 1 1| > V2 for all g G F \ H and 

(ii) Ind^7|# is unitary equivalent to [F : H] 7. 

Proof. Recall that (see e.g. [U Appendix E]) Ind^7 is defined on the Hilbert space 

A = {£ : F -> E : £{xh) = 7(/i~ 1 )£(x) for all x G F, h G H}, 
with inner product defined by 

xHeF/H 

(Note that if xH = yH, then (£(x), rj(x)) = (£(y),r)(y)) so the above inner product is 
well defined). One then defines the induced representation on the finite dimensional 
Hilbert space A by the equations 

Ind£ x($)€(x) = ^(g^x) for all g,x G F. 

Suppose now that g H. Define 77 G A by 

7(£~ 1 )£o if x G H 
if x H, 

where £0 G E is a unit vector. Then ||^|| = 1 and 

(hd£ 7(0)77, 77) = ^(g- 1 ),^)) = 0. 

This proves (i). 
Let heH. Then 

(Ind£ 7 W0(z) = i{h- l x) = i^xh- 1 ) = >y{h)t{x). 
This proves (ii). □ 



T](x) 
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Remark 2.16. For a group G we denote by Xg its left regular representation. Let 
T be a discrete countable residually finite group. It follows that there is a decreasing 
sequence of finite index normal subgroups (L n )n>i of V such that D^Li = { e l- We 
denote by n n the corresponding surjective homomorphisms 7T n : T — y F n :— T/L n . It 
is known (and not hard to verify) that Ar is weakly contained in the direct sum of 
the representations Ar„ ° 7f n . If in addition T is amenable, then it follows that the set 
of irreducible subrepresentations of all of Ap„ ° vr n is dense in the primitive spectrum 
ofT. 

Theorem 2.17. Let T be a countable discrete residually finite group and let N be a 
central subgroup ofT. Then T/N is MF and hence if in addition T is amenable, then 
C*(T/N) is quasidiagonal. 

Proof. We will construct a sequence of finite-dimensional unitary representations o~ n 
of T, such that 

(9) lim ||cr n (x) — 1|| = if and only if x G N. 

n— ¥oo 

In particular, this will prove that T/N is MF. Indeed, writing o~ n : T — > U(k(n)), one 
sees that the map of G/N to U(Yl n Mk{ n )/Yln^Hn)) & ven by i ^ (cr n (x)) is an 
embedding. 

Let L n , and 7r n : T — > T n := T/L n be as in Remark 12.161 Let Z be the center 
of T and set Z n = ir n (Z) = Z/Z fl L Tl . The restriction of 7r n to Z is denoted again 
by 7r n : Z — > Z n . Let if n : Z n — > Z be the dual map of the restriction of 7c n to Z. 
It follows that the union of 7r n (Z n ) is dense in Z as noted in Remark 12.161 applied 
to Z and its finite index subgroups Z fl L n . Let (o>i)i>i be a dense sequence in the 
Pontriagin dual (Z/N)". We will regard Ui as characters on Z that are trivial on N. 
Set r] n — uji © • • • ® uj n : Z — > U{n). Let us observe that 

(10) lim ||^n(^) — 1|| — 0, if and only if x G N. 

n— >oo 

Write Z as an increasing union of finite subsets F n . Since the union of 7t n (Z n ) is dense 
in Z, we can replace T n by r x © T 2 © ■ ■ • © r m(n ), ir n by 7Ti © n 2 © • • ■ © it m ( n ) and 
Z n by Zi © Z 2 © ■ ■ • © Z m i n \ so that in the new setup ir n (Z) C Z n , Z n is a central 
subgroup of T n and the following properties will hold. 

(i) For each n > 1 there is a unitary representation 7 n : Z n —} U (n) such that 

(11) Ihn(^) - In °n n (x)\\ < 1/n, forallxGF n . 

(ii) For any x G Y \ Z there is m such that vr n (x) ^ Z n for all n > m. 

Concerning (ii) let us note that if x G T and 7T n (x) G Z n for all n > m then 
TT^xgx^g^ 1 ) = 1 for all g G T and n > m and that implies that x G Z since 
the sequence (7r n ) n > m separates the points of T. 

Define the finite dimensional unitary representation of T 



a n = (lnd r £ 7 n ) o vr, 
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Let x G Z. By Lemma [2. 15( 2) we have 

\\(T n (x) - 1|| = ||7 n O TX n ( X ) - 1|| 

and hence in conjunction with (II ip 

lim ||cx„(x) — 1 1| = lim ||7„ o ir n {x) — 1|| = lim ||?7n(^) — 1 1| = 0. 

n—Hx> n—toc n—toc 

By (TTTTl . it follows that ||cx n (x) — 1|| — > if and only if x G N. 

Now let x G r \ Z(T). By (ii) there is an m large enough so 7f n {x) ^ Z n for all 
n > m. By Lemma 12.15( 1). we have ||cr n (x) — 1|| > \/2 for all n > m. 

This proves that ([2]) holds and therefore that T/N is MF. □ 

Corollary 2.18. Lei T and N be as m \2J4\ Then T/N is MF but not LEF. Since 
T/N is amenable it also follows that C*(T/N) is quasidiagonal. 

Proof. This follows from Theorem 12.171 We have already noted that T/N cannot be 
LEF since it is finitely presented but not residually finite. □ 

Remark 2.19. In [301 Section 3.2] Thorn shows that every quotient of a hyperlinear 
group by a central subgroup is again hyperlinear. He gives an example of a group 
K with property (T) that is not initially subamenable but is hyperlinear. The proof 
of Theorem 12.171 and his proof that K is hyperlinear have a similar flavor (cf. [301 
Section 3.2]), but we are unaware of any direct connections. We also note that these 
examples are related to the example of Abels used above (see also [TB]). 



3. Strong quasidiagonality and groups 

We exhibit some classes of amenable groups that have non-strongly quasidiagonal 
C*-algebras. See Theorem 13.41 All of these groups arise as wreath products. We do 
not know if these C*-algebras are quasidiagonal, except for a certain subclass. See 
Proposition 13.61 

Let us establish some notation related to crossed product C*-algebras. (We refer 
the reader to [91 Section 4.1] for details.) Let A be a unital C*-algebra, T a discrete 
countable group, and a: T — > Aut(A) a homomorphism. A * -represent at ion (tt, H) of 
A induces ^representation 7r x A of A x a r on B(H ® £ 2 T) defined by 

(12) (tt x A)(a)(f <8>5 t ) = 7r(a t -i(a))(0 ® & 

(tt x \)(s)(t®6 t ) =£®5 st 

for a G A, s, t G T, £ G H, and where {5 s } sg r is the usual orthonormal basis of £ 2 T. 

We denote by A® r as the T-fold maximal tensor product of A with itself. This 
infinite tensor product is defined as an inductive limit indexed by finite subsets of T. 
The Bernoulli action of T on A® r may be described formally by 

(3 s (a tl <S> ■ ■ ■ ® a tn ) = a stl <S> ■ ■ • ® a stn . 

The proof of the next proposition was inspired by Theorem 25 |19j . 
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Proposition 3.1. Let A be a unital C*-algebra which is generated by two proper two- 
sided closed ideals. Let F be a discrete countable non-torsion group. Then A® r x^ T 
has a non-finite quotient. In particular, it is not strongly quasidiagonal. 

Proof. Write A = Ii + J 2 where Ii are proper two-sided closed ideals of A and write 
— V + x where y G I\ and x E. 1%. Let 7Tj be a unital representations of A with 
kernel Jj, i = 1, 2. Then tt\(x) = 1 and vr 2 (x) = 0. 

Let u G T be an element of infinite order. It generates a subgroup Z < V. Choose 
a subset FCTof left coset representatives, that is, 

F=\JgZ 

Set 

Ti = {su n : n < and s G F}, F 2 = {su n : n > and s G F} 

and observe that uF^ 1 is a proper subset of F± . Define the representation (it, H) of 
A® T by 



7T := ( Q9 TTi I ® I Q9 vr 2 

For t G T, let G A® r be the elementary tensor with x in the "t" -position and 1 
elsewhere, in particular f3 g (x t ) = x gt . It follows from the properties of 7i"i, ^2 an d x 
that 

(13) vr(x t ) = 1h if t G Ti, and 7r(x t ) = if t G T 2 . 

For a set S C T we denote by xs the characteristic function of S as well as the 
corresponding multiplication operator by xs on £ 2 F. Using f fl2|) and f fl3|) one verifies 
immediately that 

(tt x A)(x e ) = l H ® Xy- 1 - 

Define the partial isometry 

V := (tt x A)(u) ■ (-7T x X)(x e ) = 1 H <S> A(«)x r -i. 
Then V*V = 1 H <g> Xp- 1 and ^* = Iff ® X^r" 1 - Tt follows that T/*V - FV* = 

Corollary 3.2. Lei A be a unital C*-algebra which admits a quotient with nontrivial 
center. Let F be a discrete countable non-torsion group. Then A® r x F has a non-finite 
quotient. 

Proof. If B is a quotient of A, then B® T x F is a quotient of A 01 " x T. Thus we may 
assume that the center Z(A) is non-trivial. Write Z(A) as the sum of two maximal 
ideals Z(A) = J\ + J 2 . We conclude the proof by applying Proposition 13.11 for the 
ideals I\ = J±A and J 2 = J 2 A □ 

Remark 3.3. The condition on A in Proposition 13. II is equivalent to the requirement 
that the primitive spectrum of A contains two non-empty disjoint closed subsets. It 
is not hard to see that the primitive spectrum of a separable A contains two distinct 
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closed points if and only if A has two distinct maximal ideals. Moreover, in this case 
A admits a quotient with nontrivial center. 

Although we state the next result in greater generality, perhaps the most interesting 
case is when the groups are amenable. 

Theorem 3.4. Let T be a discrete countable non-torsion group and let A be any 
discrete countable group such that either 

(1) A admits a finite dimensional representation other than the trivial represen- 
tation, or 

(2) A has a finite conjugacy class. 
Then, C*(A I T) has a non- finite quotient. 

Proof. We first notice that C*(A I T) = C*(A)® r x^ T. We first assume (1). By 
assumption, there are two inequivalent finite dimensional irreducible representations 
7Ti and 7T2 of C*(A). Setting Jj = ker(7Tj), % = 1,2, we see that I\ and I2 are distinct 
maximal ideals that satisfy the hypothesis of Proposition 13.11 

Now assume (2). It is well known that if A has a finite conjugacy class, then C*(A) 
has a non-trivial center (simply add up the elements of the conjugacy class to produce 
a central element). The conclusion follows from Corollary 13.21 □ 

We observe that if F is as in Theorem 13.41 and A is not amenable, then the same 
conclusion follows. Indeed, in this case the C*-algebra C*(A) cannot have a character. 
Thus ker(A) is not contained in the kernel I\ < C*(A) of the trivial representation, 
but in some other maximal ideal I2 of C*(A). Hence I\ and I2 are distinct maximal 
ideals of C*(A) and we can apply Proposition 13.11 

As a special case of Theorem 13.41 we obtain the simplest example we know of an 
amenable group with a non-strongly quasidiagonal C*-algebra. 

Corollary 3.5. The C*- algebra of the group Z/2Z I Z is not strongly quasidiagonal. 

Since Z/2Z?Z is residually finite, its C*-algebra is quasidiagonal (it is actually inner 
quasidiagonal, see [6] for relevant definitions). More generally, we have the following: 

Proposition 3.6. Let A be an amenable group that a union of residually finite groups. 
Then the C*-algebra of the group All} is quasidiagonal. 

Proof. Write A as an increasing union of residually finite groups Aj. Then A?Z fc is the 
union of A^Z fc . Therefore, we may assume that A itself is residually finite. By [13J, 
C*(A) embeds in the UHF algebra of type 2°°, denoted here by D. Then 



If C*(A) has two distinct maximal ideals we do not need to assume (1) or (2) in 
Theorem 13.41 to obtain its conclusion. This raises an interesting question. 




and ( (g) zfe D) x Z fc = D x Z fe embeds in a simple unital AF algebra by a result of 
N. Brown [7]. □ 
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Question 3.7. Are there any non-trivial groups A such that C*(A) has a unique 
maximal ideal? (Such a group would have to be amenable). 

3.8. Groups with strongly quasidiagonal C*-algebras. Now we exhibit some 
classes of (amenable) groups T with strongly quasidiagonal C*-algebras. These will 
arise as extensions 

1 -> A -> T -> A -> 1 

where A is a central subgroup of T, with some additional hypotheses on A and A. 
For example, we have the following proposition. 

Proposition 3.9. Suppose T has a central subgroup A such that both A and T/A are 
finitely generated abelian groups. Then C*(T) is strongly quasidiagonal. 

Proof. Theorem 2.2 of [TU] shows that such groups have finite decomposition rank. A 
C*-algebra with finite decomposition rank must be strongly quasidiagonal, as proved 
in [221 Theorem 5.3]. □ 

The use of decomposition rank only serves to simplify the exposition, although it is 
perhaps of interest in itself. Proving strong quasidiagonality in all the cases obtained 
here could be done using analogous permanence properties of strong quasidiagonality. 

Lemma 3.10. Let A be a separable continuous field C*-algebra over a locally compact 
and metrizable space X . Write A x for the fiber at x G X . If A is nuclear, then the set 

Xqd '■= {x G X : A x is quasidiagonal} 

is closed. 

Proof. Let y G Xqq. Fix a finite subset J 7 of A y and e > 0. For x G X write 
ir x : A — > A x for the quotient map. Because A y is nuclear, the Choi-Effros lifting 
theorem affords us a contractive completely positive lift ip : A y — > A of tt v . Using the 
fact that x h> ||7r x (a)|| is continuous for every a G A we see that the sets 

U= f|{xGX: |MV(a))|| > \\a\\-s} 

and 

V= p| {xeX: \\Tr x (i>(ah) -V(fl)V>(6)) II <e} 
(o,6)eJ r xJ 7 

are finite intersections of open sets containing y G Xqd- Then there exists z G Xqp n 

unv. 

Let = 7i z o ip : A y — > A z . This is a completely positive contraction satisfying 
||0(a) || > ||a|| — e and \\4>(ab) — <f>(a)<f>(b)\\ < e for all a, b G J 7 . It follows from 
Theorem 11.51 that A y is quasidiagonal. □ 

The integer Heisenberg group H3 has a central subgroup isomorphic to Z such 
that the corresponding quotient of EI 3 is Z 2 . Therefore H 3 satisfies the conditions of 
Proposition 13.91 One could also consider the case when F has a central subgroup A 
such that T/A = H 3 . 
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Proposition 3.11. Suppose T has a finitely generated central subgroup A such that 
r/A is a finitely generated, torsion-free, two-step nilpotent group with rank one center. 
Then C*(T) is strongly quasidiagonal. 

Proof. As noted in Section 2 of [25], the analysis of [2, Corollary 3.4] shows that 
every discrete, finitely generated, torsion-free, two-step nilpotent group with rank 
one center is isomorphic to a "generalized discrete Heisenberg group" H(d\, . . . , d n ). 
If n is a positive integer and d\,...,d n are positive integers with d\\ . . . \d n , then 
H(d\, . . . , d n ) is defined as the set Z x Z" x Z™ with multiplication 

(r, s, t) ■ (r', s', t') = (r + r' + J2 ^A, s + s',t + t'). 
Write T/A^ H(di,...,d n ). 

Case n > 1. It follows from Theorem 3.4 of [25J that every twisted group alge- 
bra C*(T/A, a) of r/A is isomorphic to the section algebra of a continuous field 
of C*-algebras over a one-dimensional space with each fiber stably isomorphic to a 
noncommutative torus of dimension at most 2n. Every noncommutative torus of di- 
mension at most 2n has decomposition rank at most 4n + 1 (by [TQl Lemma 4.4]) 
and decomposition rank is invariant under stable isomorphism, so Lemma 4.1 of [TO] 
implies that C*(r/A,<r) has finite decomposition rank. Now, by Theorem 1.2 of [2S] 
we have that C*(T) is itself a continuous field C*-algebra over the finite-dimensional 
space A with every fiber isomorphic to some twisted group C*-algebra of r/A. By 
Lemma 4.1 of [TU] we obtain that C*(T) has finite decomposition rank and is therefore 
strongly quasidiagonal. 

Case n — 1. Write H for H(d\). There is an isomorphism H 2 (H,T) = T 2 such 
that whenever a multiplier a corresponds to (A, /x) G T 2 with both of A and /i torsion 
elements, then the twisted group C*-algebra C*(H, a) is stably isomorphic to a non- 
commutative torus [25, Theorem 3.9]. When at least one of A or /x is non-torsion, we 
have that C*(H, a) is simple and has a unique trace [251 Theorem 3.7]. Now, there is 
a continuous field of C*-algebras over H 2 (H,T) where the fiber over (the class of) a 
given multiplier a is C*(H,o~) [28, Corollary 1.3]. Since the fibers are quasidiagonal 
over a dense set of points, every fiber must be quasidiagonal (by Lemma fc.lOp . In fact, 
every fiber must be strongly quasidiagonal, owing either to simplicity or to having 
finite decomposition rank. 

By Theorem 1.2 of [28] we have that C*(T) is the section algebra of a continuous 
field of C*-algebras with strongly quasidiagonal fibers (the fibers are of the form 
C*(H,o~)). Therefore, every primitive quotient of C*(T) is quasidiagonal, since it is 
a primitive quotient of some fiber of the field [T6J Theorem 10.4.3]. It follows from 
Proposition 5 of [19] that C*(T) is strongly quasidiagonal. □ 

Conjecture. If T is a finitely generated countable discrete nilpotent group, then 
C*(r) is strongly quasidiagonal. 

A group is supramenable if it contains no paradoxical subsets. (A subset is para- 
doxical if it admits a paradoxical decomposition as in 12.11 ) For solvable groups, this 
is the same as saying it has a nilpotent subgroup of finite index. Does every countable 
discrete supramenable group have a (strongly) quasidiagonal C*-algebra? 
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